As we shall see, for ^ we can fake the value (14-4 12N (12N) 2N )((2N + 1)^ + 2). This is not the best possible value for 'k^', at the cost of considerable complication in the proof below, we could improve this bound somewhat, but the gain would be more apparent than real. We have no inkling of the best possible value of ^ nor of any way of finding it. (We point out however that D. H. Bushnell [1] has improved our estimate for the polydisc case from (2N + 1)4^ + 2 to (2N +1) 2 + 1. This has the immediate effect of reducing our ^ to (l^^ni^^N+iy+l) as we shall see in the course of the proof.)
We treat the ball case by reducing it to the case of the polydisc. Two new ingredients in this work are these. First, we invoke a result from [3] recognize that certain monotone unions of balls are again balls. Second, based on some estimates in the plane, we have a lemma to the effect that certain dumbbell-shaped sets in C^ admit rough approximations by domains biholomorphically equivalent to balls.
The paper is organized as follows : In Section 1 we state two lemmas. In Section 2 we give the proof of the theorem assuming the lemmas. Sections 3 and 4 are devoted to the proofs of the lemmas, and Section 5 contains some concluding remarks.
The case N = 1 of the theorem was proved in [2] . Hence we will assume in the rest of this paper that N ^ 2.
Two lemmas.
We shall use the notation that for x e C, x denotes the point (x,0,.. . It would be of interest to know whether the dumbbell K^ has a fundamental neighborhood basis consisting of balls, i.e., of domains biholomorphically equivalent to balls.
Denote by E the union of the ray {x:xeR,x^O} and the balls 4j +BN,7=0,1,2.... 
Proof of the theorem.
Let W be a connected paracompact complex manifold of dimension N. The Main Theorem of [2] provides a regular holomorphic map from the unit polydisc in C^ onto 9M the multiplicity of which does not exceed (2N+ 1)4 N -+-2. Thus, to prove the theorem, it would suffice to construct a regular holomorphic map from BN onto a polydisc with multiplicity no more than 1 + 4 12N (12N) 2N . We shall do somewhat more : We shall treat not only the case of the polydisc but rather the case of an arbitrary domain in C^. Our reason for doing this is twofold. The case of a general domain in C^ is not especially harder than the case of the polydisc, and by treating the case of general domains in C N directly, we obtain a relatively simple proof of our theorem for these special domains. Thus, we shall prove the following result. We may assume without loss of generality that V c {z e C N : z = (zi,.. .,ZN) with |Im z^.| < 2 for j = 1, 2, ..., N}.
The domain on the right is biholomorphically equivalent to a polydisc and so is taut in the sense of [4] . By lemma 1 of [3] , a monotone union of balls in V is (biholomorphically equivalent to) a ball. Accordingly, we shall construct a sequence {Q^}j=o of domains with the following properties :
(1) Q^ c: V for all j.
(2) 4j +-BN cc: Q, for all j. Conditions (1), (2) and (3) approximate % uniformly on a neighborhood of K^ by a holomorphic map ^k+i from C^ to C^note that K^ is polynomially convex-and we may insist, moreover, that the approximation be close in the <^1 sense on [0, 4] . By making the approximation close enough, we shall have that \|/fc+i is one-to-one on K^. By replacing vf/^+i by ^+1 defined by v| /^ +1 (z) = v| /fc +1 (z + Zo) for a suitably chosen, small ZQ if necessary, we can be sure that ^k+i is regular on a neighborhood of K^. As Q^_i c: c 0^, there is a domain Q^ biholomorphically equivalent to a ball with Q^ c= c= Q^ and such that Q^ satisfies (1)- (5) . Granted that our approximation of / by ^k+i ls dose enough, we shall have Y|^I(BN) =^ "k and i|/,^(4+^BN) =^ 4(k+l)+^BN.
As v|/fc-n is one-to-one and regular on K^, there is a neighborhood U of K^ carried biholomorphically into V\ (J (4m+BN) by v|^-n. (5). Thus, our sequence {QjJLo can be constructed inductively; at each step we alter the last ĉ onstructed, but having altered it once, it remains unaltered through the rest of the construction.
This proves lemma 3 and shows that to prove the theorem, it suffices to prove lemmas 1 and 2.
Proof of lemma 1.
At one point in the argument below we will need the following elementary geometric fact. This means that for z = x + iy inside C^(t), we have
which is the desired inequality.
The proof of lemma 1 depends on some estimates of conformal Proof. -By symmetry, we know that the points \)/^(4) are real.
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A theorem of Caratheodory [5, p. 33] Fix 80 > 0 so small that the harmonic extension h^ of (l-^)log--= \/l-^i is positive on A n {Re z^ = 1 -e} for all 8 e (0,8o). The function h^ is nonnegative on A n {z^ : Re z^ ^ 1 -e} because it has nonnegative values on the boundary of this set. For 8 e (0,8o) and Re z^ ^ 1 -e, z^ e A, we have
The lemma is proved.
We can now prove lemma 1. From (1) we see that ^g(z) -> 0 uniformly on compacta in A\{1} as 8 -> ^+ . Therefore, for small 8, $" is a small perturbation of $" on a given compact subset of BN\{I}, and so, provided 8 is small enough, $" carries the part of BN on which Re (pn(zi) < 3 -onto a domain in U that contains BN . 
The function log is harmonic on the unit disc so 2Re Jc^zi) = log = log
where v(zi) -^ 0 as z -> ^l t e int Jg and uniformly when e 11 is constrained to lie in a compact subset of int J §. Thus, provided only that n is large, we have that for z e Z^, 2Re ^(z,) > log ---= -1 
This completes the proof of lemma 1.
Proof of lemma 2.
We begin with a covering lemma. Finally, we turn to the proof of lemma 2.
Let the sequence {Vj}j°=o ^d {^j}j°=o be as in lemma 2.1. For each 7, let \j c= c: VJ be a concentric ball whose radius is very nearly the same as that of VJ.
Specify a pair of diametrically opposite points on fcVy, say s and t-. We may choose these points so that all of the s/s are distinct, all of the t/s are distinct, and so that no Sj is a tj . For j = 0, 1, 2 It follows that if V is a suitably small neighborhood of the set E, then 0 is regular on V, that 0)(V) = D, and that no point is the image of more than 1 4-4 12N (12N) 2N points in V.
This completes the proof of lemma 2 and hence the proof of the theorem.
Remarks.
As we noted in the introduction, our estimate for the bound ^N is not sharp, but we do not know what the sharp bound is.
In the other direction, it seems likely that on purely topological grounds, there should be an interesting a priori lower bound for ^-The fact that e.g., the ball and the polydisc are holomorphically distinct but topologically
